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aerodynamic force
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; This report has besn written to Serve possib
2 BN people not familiar with the autopilot,
: some of the prohlems involved in their d
solving these problems, and second to P
rork that is basic in the design of the
and deteiled information regarding the syste
No mention is made of any analoguc com
for everyone. The information in *his
' prior to the campaisn on the pot.setter,

TH=33L=623

1y two purposes. Iirst to acquaint
roll system or heming guidance system with
esign and suggest methods of approach for
resent under one cover some of the analybvical
systems, There are therefore both elementary
rs and metnods for analysis end synthesis,
puter techniques since this is familiar ground
200t shoula provide useful background material
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2. AUTOPIIOT DESIGN:

The autopilot will be defined as the complete system for which the imput and
the output are the following:

Input « Command acceleration in any direction normal to the missile centere
line.

Outout - Resultant acceleration of the missile.

The airframs characteristics, the control systiems, and the sensing instruments,
if any, are involved.

2,1 Darivation of Transfer Functions For The Airframe.

The basic design of the autoolilot can be carried on by considering the system
to have threes dsgrees of freedom (1) missile rotation in pitch, (2) missile e.go

translation normal to the body in the pitch plane and (3) control surfsce dsflection
to produce motion in piteh plane.

Two additional degrees of freedom, (1) rotation of missile zbout longitudinal
axls and (2) tail swrface daflection to croduce roll, are included in the final
analysis to chesk the compatibility of the autovilot design with che roll contrel
system in the presence of asrodynzmic coupling, The squations of motion and the
transfer function for this analysis are dewvelepsd in the seetdon on roll system designa

{re angles for ths single olane analysis are shown in Figure 1. The sign
conventicn 1s also showm.

The Angles ars the Follewing:

o = Angle of attack ™ angle between missile centerline and velocity vectors
¥ ™ Angle between the velocity vector and the reference.

¥ = Angle vetween the missile centerline and the reference.

1 = Angle betwssn the control surface and the missile centerlins.

The relationship bewwsen the rate of rotation of the velocity vector and the
accelevation of the co.g. noyxmal to the missile body will be derived first.

- -~
Let 3 be a unit vector along ¥V and let i bo a unit vector - to V and
pord tive 11 the girection for incressing ¥ » (Sce Figure 1), then the velocity
of the Cogo 18 V=V T and the zeceleration of the c.g. is

.ifg vy + yved bur, 47 . },"E Iy w Ew/.Sﬂc)
de d¢ - dt

ﬁW&L N
SN e YTy

e ciinoy

O
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Ktherefore,
- R - () ’
2ol=l \231 = VJ -+ Vb F ( f;’éecz)

*, M . ) 3 Iy
V¥ is therefors the acceleration of c.g. normal to the vedocity vectors

The acceleratién of the c.g. normal to the missile body is defined hy

)
© (g's) anu along the missile axis, by ﬂr (9/,, ) . 5
The relationship batween the sccelerations with respect ¢ thé missile axis and
vy is 3%2{2 = /13 Gos K A My suriof
i ba is in deg/sec and 1l Scof is agsumed to be negligible comgarer to /73 Ced &
é . b
2012 Ve o /1 ot I
. r Ar Ll

This relationship is used fresycently in the following sections.
The aexwdynamic forces normal to the missile body /7§ ie a function of o amd
Y

WI?—D bl 'IC("‘, 2) where W= wrrg/lt’ z-‘/ mssyfe rm /;Oum?"s
er Wdn, = IF a4 IF 1, S oala) f )
Lt& 3"(6/&.',‘53(’/{ / V,//mcz

Assuming the partials to he constants and integrating

PR = e Q}
2.1-3 W ’73 %’Jf ol :,If 1

t
Similarly for the aerodynsmic moments.

N ’ q Ve fl’(,lf;f’éa ,_'
214 I = %%x. — ‘i’é”l? ( A« )

I # pitch moment of inertia (slug ftoa)--

H The moment is also a function of ¥ but this term is neglected since tha control
\ . system of the type proposed witu rate gyro fecuback makes it o nesligi™-le factor.
~
’ . \; - ) I“’! J I\'I :
The partial derivatives :’}-{ St-—{ L0, and S~—% gre one form of the
| P oo 3 T 37
I

o stability derivatites. Normally fuey are uritten in the form

" —
A —————— A OO M 7 - -
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Cp = s o /1
= —————— /
W= g5 5 ( /d¢5>

?’, = dynamic pressure = 1/2 [ 4 = (slug/sec® £t.)
= )4zt Jm”
uhexrs f ~ density of air (slug/.ft? )
A = ratio of static oressure at alititude to that at sea level.
M = Hach No,
5 a reference area (normally hody arsa) (£%.2) = .99 £%.° for Tarter
4 = reference mement arminormally body uiametar) (£.) = 1,125 f£t. for Tartar

For purposes of wm.alysis the force and moment equations 2,1-3 and 2.l1«l are
put in the form

215 ¥= Aot Bi
4;,/::0' Co( +EZ

whers &ll zngles are in degrees.

The relationsaip between tnese ccoefficients and the original stability
derivatives can he easily ded cad.

A Cig95)(1451) s M2 G
rd ) V w N
B« (12T WI%8 ) 4 5 M0 C,.;,
. w )
C e /,-5‘7'3)/1"‘5//));;&//)72(.‘”’20(
z

B« (523 )z} 2 sd m*C,,,
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The values of C me eand Cm, must te the talues for the particular c.g.
location considered, If these coefficients are availabhle for a reference Cog.

location snd heve the values 0_,,,”‘ anel (J’"Z s the values at any othey c.g. location

are given by, .
& v C‘m‘: - l/' 74- X""' Mo ()'y
4

Cn, = s %Lv,, Cnl

where X, is the refercnce ccgo and X is the desired c.g. Both these quantities are
in :.nches and measured from Stetion O which is at or near the nose of the missile,
d is the reference noment arm in inches (13.5 inches for the Tarvar).

The transfer functions for the airframe can be derived from equation 2.1<5,
Assuming all initial conditions are zero, the operational form of these equations are.

< . <
2016 ’ 23' Ax+ 1

sY = Cx + E2
frem the definition of the engles

of = 4{,..6-

substituting

Sy —AY + A
STy —CY¥ 4y = EQ

ir (stA)y - A4 = B2
C v #Hs>eiy = E

By usc of Cramers dule

e r——r— - T o A

[

e -
J—y o,
N T .

Lag -
.
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f’ Bs—pr +AE

§2.+ /‘3‘3 —

. ] 2
2,,1@7 b'ﬁ/ e — -',r &E- “"E’C_, /'.“.t. S -
2 U "'“";:_"‘"“ ) RE-8Z
= SJ’ e £ 1
P /é S T "
. / S FA i
2P =
i I c g
"2
ST As —C ‘
- ___E, 3 ;‘L 1’45 '—}(....
2,18 . 57771. . C‘.“"“" ﬁ
% = _(/,m:-—gg} / + ﬁefaf 5
C A
Substituting /'],é for Y equation 2.1-7 is
2,1«C
Col 7 ﬂ'i/ (/’E"'gC) /
/5’4‘5' _3’/ _.//> -+ [ 1
For the Tartar migsile the values of A anc £ will vary with angle of attack.
To facilitate the analysis, however, constant valves for these coefficients are used.
The analysis will be valia for the angle of attack region for which the coefficients
vere picked,

The values for tihesz coefficients for the Tartar missile are ( .-ven ir 3
following table for two typiczl flight conditiona.

Case Number Flight Conditior A B c B .
1 i 1651 6° 175 BUS 32 391 .
2 S.1 ) 18° 2.2 <845 80 391
3 M oz 1 6° 65 224 % -l
* b 30,000 fto (" 18° 1,05 226 h 143
l Aititudo J

These valvnes are for a corbined plane maneuw.er, i.e., the resultand
angle of attack znd g's ave in a plene 45° from tne plane of thc 1ings,

Substituting the values from the table in equations £.1~b and 2.1e%
tkhese egquations became.
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These equations are, in genersl, of the furm

AL S 7\—-'

v

L g

/-;%:fv/., S 2

1)7 .
¢ oo . .
\,. ,}5\7/‘;;.'5' 6’{ ......u.-.,.’L- -

St2 s ®

%‘:f/_ 3 J/ L ot N
5 i (1 T S)

The significant factors that are apparcat feom these equations are:

1. The air{rame is essentlally s second order syotenm.

2, The airframe by itself can be divirpently unstable for certain fiigat
conditions and angles of attack. TFor cases 2 and 4~the roots of ihe

characteristic equation have positive real. parts.

3. The zero frequency gain, K, variee in maynitude and polerity witu flipnt
condition ancd angle of attack.

L. (/’ is approximat.:ly the derivatiie of /73, o That is it can be used as a

measure of the rate of ria o A} feadback €an therefore be used to provide
danping for the systam.

a4
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»

2.2 Porin of Control. Equation:

The contrcl equation can hzve any numbe~ of forms., The most common are the
following:

, 2,240 t, = =K 5 O T \
. A ~y f . /
| 3 ype A
2, 5e : YT A
3 Lnd 2 ZQ — v "<‘ ,7‘:‘ -—y‘,‘ ‘2‘\/2‘ r‘f.ll (/ T‘yp & Ig )

2,23 1= K (n'~ney 4+l 4/:/ (th/yc C )
i c2x - K, (' § LK g f o n;!: ‘ —
2.2-4 ‘@c“ § csz //_7,‘"‘/))

vhera }c. is the commnand wing daflection and ’?,. is the command acceleration 'and the
prime resresents the Jnstrumeni, ovipuis.

Block disgrems of the complete eutopilot system using these -coatrol equations
are showm in Figurs 2 « (a), (o), (c¢) and (aj. These systems will be explained in
detail after the closed loop traasfer funectic s fovr eaen are daiived-

The closed Loop transfer fu-ctions car te ucrived by us:.n{' t1e equations from
section 2.1, 1Tne foliowing zse.mplions » 211 be waie for the servo ana iastruament

responses,
f G (5) =1
! 6!1 (5) = I
(?5 (‘3 ) = ! For ”’-éj/)(.s ‘}}l /.;, C
= é .‘:-/I 7_9'04' D

Thege assum,iions do not iralidate the general conclusions that can te drawn
for tuese systems., The actusl choice of gains housver csmnot be nade withont
consideration of these transfer functions.

For the type A system, substitution of equation 2,1~% into equatium 2,2-1
resulis in -

Ze T

/ ,95~8(j) /7 5{_2'
AE=i5

/xaf _5/ ,q/5+/

,f

P

"
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For the te.-mi'ung tvpna of contvol systems, aquntion 2.1« L5 used with the

byl equstions

Y'*
2- {? * ?

.l >“
2,201

- For tyoe B the derivation is as followa:

(v =03 =g =B s
C.o+5-e)P =¥ 1
e 1/ -7 K‘ s

3

B

& =~ - B
<3 ~,')?'~’ "'E
§ OKs -
1. ;5 B =9 -8
C— a’fvcl, F
- ¢ koS =r :
£ LKA B p2ST) - .
Mo K 5 (-EY =EA $+Be) - (L FRLYATS)
L3ty Moo |
i ¥ e
oo (i /&:g-. R ,‘(L (I "*‘,r- 2 .
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o For type D the derivation is &s follows: . : .
+‘ (s+A) v - -AyYy-B1 =0 -

*‘ B Cy '«'-(.'3(2"‘(2)'}0-/;'2 £ ’

= K ‘/ - s . FaRY -
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For purposes of examinning tae ¥ / e transfay ft;nctiozés; qualitzbively ,
- the following approximatims will te mede J .
x 95 -—/7 C = AE e
e
SR A
. A{].;E»n%&.«. poa32 C .
‘ The transfer jwactions for tne fomwe bypes ot sygtems hacoms,
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) f ~  “Type & is the sluplest foin povsisle, This system dan opurabe only ey the
e © rangsy of angle of .attack whereGSZ is Palrly consbant and the alxfiume is ebabic i
5 Ty ikself. Thoe poin, ¥, musht 18 mads to vary with flight condiidens 1t the pers .
T Ieequency gain (8vaRe gain) 1s resuived is hs consbmnb, The danplng fue dne X
) § } mysen 15 pravided only from the alvframe, 1n: generad the Qamping odeffiglent § 4
el . {Iraction of gritica) damping} is on the odder &f o1 fv .2 Tor those angles of aphesk -
f2 \ Where %aj}f..ias approximately consbert, RN : ‘
& T &2 ne [ e N 2
o . Vype B uses o rate gyro feedback bo Improve L dempiag chpzagierintic of the .
A gyetam, The rzquircments on L";Lo sLabllity of the airfvome, and &4, &ro the sanc
N B - W . - " . 3 e v .
a3 for the Typa A system K?: can be ehosen to produce eny § desired,
e Yypa C systen uzee an adzé;tic~nal accelronster feedback, This removes the ;
: regtricbion on veriubions 4n hz’} and the stability of the alzframs .0 the gains X 1 s
ey o o " e - T
snd Ks ave chosen properiy. If it £ desirsbie to mainbain approninately the /ame .
speedfot“ response ad dempins chayecterfatic s all Flight condibions; these pgaing e
ean ba made to vaiy with some measuvable quartity which varies in the same maaner 3
98 the aeredynam’ic coeflicienti. Tobdal prissure is such a quanbity, y
- . L . i
< g - . . ) t;
 The voriation in nbabic gein with veriabion in O wiit depend on Lixe higheat
3 P o : I T - " . S by g
wvalue thab cant be used for K.o Thd restsichbion on the highest value for K‘L" 1z
- efplained in the next sectiol, , : ’ :
. Type D eystem in similar to thab ised for the TarSer. Tn thiu Jyatenm & Paba :
feedback conbrel surface servo is umed. Thiz resulte in up addisiouas Aatezration
and requires. a fredbaok {erm porposbicasl to the devivabive of hho rabe gyto sapaal.
Tire. autopilot s now 2 third order 8ysbem inatezd of the sesond order mysieas fop
the otinyr thres, -All-three cowifleiente for the 3rd order charucieris.it oguesiva !
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. the -yj’feedback tem can be modifisd Go he ~ghe’ _ A2YTT L =
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Stee 0 LIML ey | el smewd ‘
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The ¢ldsed 1d6p ‘transfér finetion will be modified slightly and be of the foum

2,212 2 B et L s e

g e 3T -‘/9

S K YHE f. /< K. YHE - +(KL~ﬁ + ,<VE)5"J‘1
54 s f,/g‘fg}" ) /.WS" ) ,9""’5‘ 1545

With tais j:om the static ga.m is appro,dmwly unity ab all flight conditinn
. and for any angle of attack.

wi Type A and Yype B systemns are not prac‘clcal for ‘che Te.rtpr m:msile gince the
variations:in 4F “with -angle of attack is pronthitiverand the airframe is \.nswble
for large angles of attack.

SN
.3

' ‘ Type Cand Type D are possgible system for the Tarter missile. These are the
only systems that will be considered ifn the following sections,

2,3 Stability Analysis:

If the systems were complete as oresented in the previons section the only
analys:ns that would be required would be an examination of the ronts of the cheracterdstics |-
equation. For the type C system this means the determination »f the roots of a :
quadratic equaticn, and for type D, the detemnination of the roohs of a ruble zquation. \
In general if the real parts of the roots are negative, the sysitems are stable.
There will be adequate stability if the ratio of the real part to the imagmary ‘ .
part is ‘the tangent of an angle less than &0°, This corresponds o a § = 5o :

~or the complete system, however, such an anslysis is inadegquate. The effects
of the following factors must still be determined,

(1) Instrument responscs

. (2). Servo rosponse

- (3)o Rate linit on the servo
(4)o Expected tolevences on the instruments, circultyy and geins.
{(5). Additional filters for noise or bod; vibration.
The most satisfactory method of examining these affects nas been to examine the
open loop transfzr function by Wyquist plots, For multiloop systems in general

the open loop funetion will vary with where the loop is opened. The open loop transfer
functions for the wo syst-ms w*l‘!. be demved i‘irsto They n.ll be derived for the

» L
R L TINE
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folloving case . ) S o 1
- v d
(1)o 'Loop apened at the wing servo " B
t2). .uoop openad it the rate grro. A

.(3)« Léop opened at the accelerometar. ’

See Figuré 3 (a), (b) and (c). o
For tjpe C, Cuse (1) , .

z?i‘-::; /5)['/((.7(5)( 14’)7&, Kl (7;( )(/5,%2/ 5?,

e

1
; Wil
it

‘Substituting for 4/2 and"n/z fron equations 2°1~8 ang Hol-9 ' o

. c e £ : b
23 b o gyt (66 (/‘)(/v‘wér’)v‘ﬂ/w )] |

12487 GEme

For type C, Cass (2)

)

v Gl5)
e s @,{s)‘\/@_( % )[ T 6/5 eI J

G50 % ) Gt 5 K,
Since negative feedback is not lmplied for any of the imner loops considered
the negative sign is put on H (5).

4% o ity Gols ) A5 dc) etk s) [ Gurs) 7
; it 25l 5 ) //"6/5 MGl Yies ) )4 ﬂg:;c
“:Z-Ba- 2

N ettt S bt A0 e

_,Lz.‘_g s

Y - ;
Hoq T Ko Gl ) EEEC }(, ks, ) / G é5)

I~ B gt o G e\ el
&3+ GOV (e,

For Tgpe € (ase (3)
o k((s)(/(/(yrfj
L (.7[5)/";(-‘:,/’)(/’("‘/’1_) ]
733 gy i us) dhe (P55Nrr 5 ) G5
14t £ -&5"‘ 5‘ 'f C/-S)k (r(j)/flg—gc)HW—r;’dﬁ'iChg)
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Assuming that Gs/5) includes the integratlo.\ term, the open loop tranc:fex' ﬂmctluns
for typs D»wi].l be ﬁié sefie as for type C if } L ’1,8 replaced by ‘{2 4 K3S

: The, :Lnfomatlon that -can be oblained from e;«axmnation of these open loop iransfer
fun tzons ‘are the iolloutng., ’ -

For Cass (1).

b

,, " Effect of servo response snd variatior thereof, Nonlinearity can be
o . ' considered by use of Johnson's uescridbing functions.
. ) For Case (2).

Effect of rate gyro res.onse and variation thereof. Lffect of additionsld

£ilter following the gyro.
For Case (3).

Bffect, of accelsrometer resgcase and varialion tuwereof, Effect of acaitionsld
filter following the accalero -eter. '
For purpoges of seeing aww the Wycuist zlots look quelitativelyy the instrument
anc. servo response can be nade idesl.

: (7,50 = ! :
Gol3) =1 .
65[5) - /"‘;f Yy/):’ if.
=) For Type O
The Lollowing approximstions can be .naus for ike nerodynamic coefficienta.
Y S
; Fike =0
fe-2C RE

Tao open loop trensfer functions will then be.

For the type € system.

A % - ‘/-, * ~
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Since negubtive fesdback waz not inpliad in the derivation of the open Joop
transier functions,; the characterisbic evquation iv of the form

e
/ unt %2 =
gl/‘ C)

This would meza that the encirclemnnt of + 1 on the polaw plob snculd ba exomined.
However, since it is more conventional o enamine the encirclement of -1, all the open
loop functions should be multiplied by ~1 befors being piotted. The charascteristi

sbion v hen be of the form R ) v
equation will then be of the form PR e ) - /*;"G/a) = )

ok,
The simplified form of these open loop expressions ure, Ln gensral, of the forwm,

-
. -
- Lo 7 ’ i
— FlRe) ( ' < el P
"(0*__‘ - oy et oy e e o0 20 o0 4 et (A s 48
2in

/,7.:(5 s “F'C‘-f $.&~1‘_C1g_ 53

and the Byguist olat ean be computed.va liitle effort. The cases wher: the asro-
dynanic coefficlent C is positive Lnede will ve poles in the right nend plane and it
would b necestary to exomir. the counterclockwise encirclements of <l al%er Lhe nemoer
cf theas psles is determined;

These Nyuynists of the simplified cpoep loop transfer Cunction are extremely useful
in gettin: a quelilative vnderstanding of wne gyuiem. Figure & showz o fyoical exswr.a,

2.5 - Determination 97 Gains.
The uetval determination of the gelns i1l in general be an iteration process,

This is necessary because all the possiole [actor:; that mugt bs corsidered caanch be
included in any one analysis or simulatioun.

For the Tartar missile the factors that bad to be considered were the followiny:

{1). blastic hody coupling.

P A 2

€

@




(2Y, Radome error slope- céupling. '

(3, ’éampaﬂtiility with voll systen in the presence. of sevodynamic coupling
" deriyatives. L 108, of mic

(b). Gontred surface servé limitation.
(5)e  Instrument lirdtations.
(). Tolerances.

(7)o Lffect of noise.

The desired sot of gains would be thas vhich gives the factest response for
after all these factors nsve been consideved,

These factors will be expl:ined in ceail.
2olol  Elastic Body Coupling,

Fi:ure l; shows a blosk diagram of the %ype D autopilot system wita the
additionsl~alastic body loop included. The Joop couvpled through the 1dgid bedy
aerodynamic responses which had been the main Joop considered up to now can be -
essumed open, Tuls i3 because the elastic body resonance fraquencies are on ths

order of 350 rad/sec and the rigid body sercdynamic responscs cub off al avound
10 rad/scc,

The trensfer funetion for the elasiic body resnonses are derived in detail
in Appendir 1.

In particular the transfer funciions are Carivad Tor.tas case where the
solution to she elastic beam partial differvential equation is represented only
by the first tevm in the series solution snd the body loaa assumed negligible.

The terms in the serles solution reprosent the various vibration modes of
the beam and only the mode with the lowsst frequency is considered. This is
regsonable since the second mode is at sufficiently high frequency so that the
filtering requirad for the first mode will aceouvately take care of the second .
end aigher modss. The aerodynamics loads due to local angles of attack were
found to have negligible effiet cn the mode shepes or frequency for a representative
flight condivlon. Tnis means thet the solutions for the Tartar bending moxles

computed for vacuum condizions is approximately tie ssme as for moving air
conditions,

The transfer functions for the instrument outputs for an arbitrary forece
input at the contral surface staticn were fowd in Appendix 1 to be
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P(x) = ghaps of first bending mode somputed vith an arbitrery displacement
of 1 in at J‘tatioa X, .

oHx.) = displz(:cex;rent at R o A, the station for the control surface izings
line (inj. :

(X} = displacement at Z = A, the station st which the accelerometer is
located (in)v ’

(-‘3—5 ) = lozal slope at X = X, , the stavion at uhich the rate gyro is located
ke {rosd ). N

Mﬁ » peneralized mass defined by M = ;?;,””1 ‘:9:(%.:} f}zhere An; & TBS8 at
station % and pex, Jo visplacement at station ¢ 3 (1h in scec).

Wy o frequency of first benuing mode (rad/sec).
Pp aceeleration due to becy bending at the accelercmeter station (g's).-

Yy = rate of booy bending at the raie gyro station (ceg/see).

24

= force input at the control subface hinge line (1bs).

LO YA

« gtruciural derping coefficient.

The transfar function for the elastic body syatem with the loop opened st
the wing for the type D system is

R O (L S LY R N S YA A
&h! -~ Er' F}' ol

In order 40 insure that thers will be no instability in this loop Bfi,
should be { » .3 whenw =g for an asgumed structural demping of « .02, Tnls
margin would b2 insurance against the tolerancss on § , . e, dix) ! autopilo?y
gaing, instrument respanges, and comonenis. R
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The opsn ioop transfer function needs to be examined only atu =iy Eince at
any other w the amplitude will be less. ’ e

AR, 1 S

Substituting juwgfor 8 into equation 2,4~3

&

2, .

Zi oz GlGwW N Eif orxyld 23 . B

2, liels (1‘“) () (.{, ) o °}(?§£/3;:ng2} G, Gwgdk, + X,ﬂ} ‘:

. 2 Euv,m s g

+ P(%e) (X ) Go sl ke ] ;

25 M(032.2)4{73) N ’ .

The obvious method for making (g/tm ! 4 o3 is to locate the instrumenis 1

L Alngx, H
such that (ﬁ’.%) yeg. 0@ ) =0 Figure S chows the conputed ;

first vending mode shape for the Tartar missile. Yue to packsping reguirements,
the instruments for whse Tartar nissile are at the following stations:

Acceleremeter - Staticn 55
Rate Gyro £ Station 80

With the instiuments et these stations the values for the displacements
and slope are

?Q[Xcl’ = 52
..é.ﬁ) , = 001
d ,'f PEEEN
At the control surface hinpe line )= .5
The valuves for the remaining factors aro:
wg » WS aal!abe
e 0539 A n gec™
o 002

L3

Substituting these values - ato equation 2,k

| - o . -
('{“‘ s G).(.)"’ts)(f?, R-RE R/ AU FTE VIV K A
vel oy ; )

4

- A

g - m——— e - —— PR P

| m = —mw o = -



; NV AIR
A DIVISION QF GENERAL DYHARICS CORPORATICH
POMONA Pags 29 of 9k

TH=331=623

The terms that will give the grestest contribution is the term vith K
Since Kl = 2!.0!(2 2 mo’g3 for the Tartar missile. Neglgcting aﬁ

tut the Ky term
(fﬁ) = G-A,(jm)(.ga}(.oswar Gwg) Ky Fw)

In ordar to determins the amo.nt of attenuation tnat is raquired from
G A Gk Gy (fup) X (filter if required), these can be lumped topether into

%ﬁiﬁ.‘."’i"_’. = G“.',(..i wg) G (§'wis) 85 (wy)
g

e A
since O {iw) 7= Jw for type D,

2t (VxR0 G ) Coml &y (Fry)

can ba computed from

ofpt

Fr/i s IH8IA L M7y (M= Math Namber)

The value used for Cy; should be that computed from oscillatory aerodynamics
for a frecuency of W3 ., For the Tartar missile; however, the values computed

from oscillatury aerolynades did net differ appteciably from that for the
stationary avrouynnmicso

Studies nave shoun that the M1,5 condition jives the largest ( Ly /‘:gk )

max value for the Tartar missile. This is sssuming that K3 is programed to vary
with total pressure.

A sample calculation will bs madz for the Mi.5 S.L. condition
Br v () (ssh) (6% (1.25)
w Ly
((7:;“ hmax A G iywy) 15091{3

K’I‘he 1»; vltimately srrivsd et for the Tartar missile for this condition
vag u..

3 (this 38 the vslue for XK, thab kakes into actount the emall amount
of ¥ < that the) accelerometer senses du@ wo 1is being off co.g.;

L % L
{0/2;,,1”_,,,,,: Og (swygl) 2,79

",f’ (?:,:/dn}mew = .3

b
6’,&()!.0&) — 16.8

AT ORI § 3y S

T M ar
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This means that at w = 345 rad/sec the combination of gyro resgonse,
servo rasponse and filter response must ;ive an attenuation of 1/10.8 or
= 20,6 D.8. By serve resjyonse is meant the response over and beyond that of a
perfeet integrator. lhe rate gyro is a second order system and the state of
the art is such that its natural frequency ah¢ damping ratio can be specified
to any arbitrary values within reason, Yor the Tartar missile the specified
nominal values for the rate gyro are

natural frequency = 27 cps
damping ratio * o5
Thie will provide an attenuation of <12DB at 345 rac/sec. The additicnal
-8 DB can be obtain.d #ither from the servo or anaditional first order filter.
Weat must be considered in the process of cetermining how to obtain the uesired

attenuation is the ‘hase lags that will be introduced at the gain cross over
frequencies for the Nyquists of the system,

Por the Tartar autopilol system the gzin cross over frequency for the
Nyquist with the loop opened at either the conirol servo output or at the rate

gyro is about 4O rad/sec. This can be secen by plotting the simplified open
loop transfer functions or by making the assumption that at the frequencies

concerned
Ly~ EX
4 A

and therefore .he cain crossover is at WA EK39 The simplified Nyquist for
“/‘:Iio R Mlog S.L. is shown in Figum 5,

At wz 40 rad/sec the additional phase lag- introdiusad by *he ~2%e gyro ond
the required first order filter are

(1). From the rate gyro 14°

(2). From the filter 21T
(corner at 24 cps)

The system must be sble to tolerate this additlonal phas: lagand still
have an adequate phase margin of == 30°%

£ 4¢ turns out that this is not the case, the possible fixes ara:
(1), Move the instruments.

(2). Design a complex filter that gives the req:ired attenvation at
but less lag at system gein crossover frequency.

(3). Find come means to redice K3o
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For the Tartar missile the additional 28" of phase lag at (/= LO rad/sec
was tolerahle.,

There exists thersfore a choice of putting the first order filter after the
instruments or incorporating it in 1be iransfer funcition of the control servo.
If the filter is placed at the output of the instrumsnts, the servo must be
designed to introduce as small en amount of phase 1ag as pogsible over the nominsi
90° at 40 red/sec. Since this woulc add to the 28" already introduced, The
additional amount that Teriar can lolerate is on the order of 5~ The disadvantage
of this is that the requirsment orn the servo iz prohibitively stringem‘» The
advantage is that if the requirement can be mel, it is possible to use high gains
in the roll systeén witiout complex networks. This comes about hecause the roll
system nses the same control surfrces as the antopilot and phase lage in the serve
are introduced in the roll system alsce.

The advartage in incoerporating the filter in the servo ressonse is that
the requirements on the sexrvo are deliberately relaxed,

Both metihods are heing cconsicered for the Tartar missile.
2,l,2 Radome Error Slope Couplinge.
The equations which show the exictence of the coupling cue to radome error
slope will be derived first. The angles required for the anzlysis are s hown
in Figure 7.
These angles are:
¢« JAngle between lire of sight to target and referdnes.
© « JAnrle betueen secker centerline and reference.
Ve Angle between mizsile centerline and reference.
£ = Ancle between secker centerline anc missile centerline.
€ = Anrle bhetwsen line of sipght to target ena centerline of the secker.
€,» srror anrle die 1o redome refiaction
pgre = Look ancle = (o =¥
The relationship betwaen thece arrles are:

E 09 = o--¥-8

2y)~“'5 ot g“‘y"
Efz €+,

£, will in geleral be a Fuiction of the look angle A+ &
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€ = Flave) .
dg, = d&  Jlgvre) ‘ -
d{ge€) ‘ e

it d&_ 1s asswwed constant and set equal to .’
i{gre) S

o
IR S

ROTH E, zl gyrg) BF small regions of look angle this spproximation cam be made.

Since the dynamics of the sceker is not required for the analysis in this
section, it will not be presented. It is sufficient to state that the function
of the seeker i8 to continuously track the target and in the prosess of doing
this provide inflormation re, arding tine rate of roteiicn of the linec of sicht
angle to the target ( Y~ ). Yhis information is immediately available since
if the seeker iracks the target with a reasona le aegree of accurscy, the rate
of rotation of its centerline in space is identically the rate of robotion of iha
line of sicht,

The ho-ing guidance equation is ideamlly

% = A Mo o Gg(a)
Via
vhere .A. is a constunt o 4 and V . iz the relative velocity between target
and missile, Op (s) is the transfer function of the guidance filtsy,
For the Tartar wissiie o= saTomdsbion is obbuined ~sm &4 ¢ or the head
rate gyro sipmnal plus the rate of the tracking error signai.

Prom equations 2,45 and 2,46
Bre's b+ rlAtel
= { P e Y

and since
hc(:}’p,} = vﬁ_.. 3:-6,{ J'?f;/,aw-) .
iFys

hC, - ::‘/\. \(:8 [‘(l,;“,q_)&-w,fi, "/'.‘j []“,;'é{/ﬁ-/

e
3.

] 8
For the Tartar missile

% (s) = O SO
K4 (:’{2 3 3.‘ + 02 S‘)

Thls was deterrined Ly & study on tie amount of filtering requi «d fovx
adequate homing guidance,

R s

[Rreg . . ke . o e o - - - R,

e o o ot e . rmrm e o =i e e ~
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R The- corplete equation for Ny s therefore
: A/ oL . ;»‘:\’ . 7 - si
- e = A Vg~ ('.Mfl-}vm,m%*' I e : : :
| R i 2 R
~ Tis shois that there 18 an eddi'cional AW fosdback into the autopilot. A ¢
- bleck diagra'r of this adoitn.onal coupli ne loop ig shown in Figere 8. . ‘%
The open loop transfer function with the loop opéned &b ‘/‘; is E
. Ng N » .
2 in j 1 Ag 5«*

.7

1]
‘Ww,s
e

The simplified open loop 4ransfer funetion for n/ne is of the forn:

J
n/ne = - -
{1+ ’{}s‘ are 2 8108 + ’*’4"&!“9

vt #/n is of the form
K .
N o Fmow &‘“47__.5: { } o4 4 ?’ 4] (Fr’om scefron  2.f )
ii; u}/l greé 7'(; = ..,.,.,.tg“
#5 . A=~ C
o The open loop transfer function becomes
P ¢ . .
‘ } 2‘:& = _— i.. Jie i . Ve (}"; ’Cq» aﬁtl} S
i:“ 5{"; fﬂ (/)a .A':s Jm}("f’t 4&\‘) ;w‘}(‘i"‘ (;p/‘){/"g.“ vf *»Qé' "a'v‘“l:.»'
i ’ . When . Js Jositive the-: L3 necavive Jeedback sn the loop and vaen i4 ia

negative, positive feedback. Hinse ith pow‘.*ive feedback this loup bacomes
1 extremely cifficult to stablitize, slr can be biag i»d so that ir effcet it aasz

. orly positive values. This 14 wone by sddingts 8 il some pitel rate gyro sigomd
& R max ng ’ .
then -
Ja {ny tng AT J N Ve (17 b 2]
. e - i / o 4
o Vi LE400 f‘.-'*',}{k.’ e E xﬁ)
The value of (;%Me A ) will never b2 negative.

3
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BN ‘;

~

2 . For’an /’m = coh, the quant*tv ( 'ﬂ,ﬂ“l-‘ \,/ S f"«’a , ,,5

' 'ahile "?ﬁ;{, s Wthh equals IT;-;[M ;. 080 be as. large as 4.,0 at high altitude

conditlovxs where 4 decreasess ‘'[he autopilet 'bi’l'e corstants Ty ard T, must be
ad,)usted to stahil’ize t+he loop for these conditions. Al lon ﬂti ude conditions,

* thers is 1o stabill ity o "ohlem in this loop sinte T} is small and the abtenuation
from the guidanee Pilters is hore 'hhan sufficient. Figure 9 shows 2 Bode pilot of
tf*e 3 /% open loop transfer fanction for the # 2.0 h = 30,000 ft. £lipght
~»ondit:ion« For a rixed f1ight condition "r.-r{; varies with =< but Ty varles roughly

;m fne -ame nannet ‘thus rnamtaimng i:he same degr e of ebabilily.

A ITL amier = v,

. An eltérnate method for smbxhzing thl.: 1oop is Lne fol‘lowmo-- Design the

v auto -pilot for maximum: po&swle speed end design the guidance filbe to stabilize

the loop. The mdvaitapes and disgdvantages of both methods are aiscussed in the
section on guidance comuters

90.,e3 Compatibilivy With Roll System In The Presence Of Asrcaynani¢ voupling
Derivativesu

Tois sub;;ei:t i8 coverad in full in the section on roll system. It ie
‘sufficient to say at this point that the gaine mugt not be determlnea without
' congideration of the roll yaw coupling problen, In general the roll system
alone ‘cannot be designed to stabilize extrera rollsyaw couolmg instabilivies.

‘Tight modifications of the autopmlov:. geinc cay improve the situation conviderably.
As an example, low damping ratios § in the pair of complex roots of the autopiiot
is detrimental in the roll yaw c¢oupling loop. This low § can result from the
fact that the atability derivetives for yaw mobion is oi fferent from that ror
piteh alone when the mism.]e is piteched at a large angla of atback.

Zoliol  Control Suvface Servo Iimitations.
The following limitations ~ast be conegidered,
(1) Maximum practical servo respense.
(2) MHaximum wing rate.
(3} Effect of wing ioads things momant) on (1) and (2),
(b Noa iinear phaSe lage.
It has already beon pointed oud in seedion Z.lici that the consideration of

the maximum pracvical servo response detexmines the methsd by s hich body benling
mede coupling loop iz stabilized.

The cffect of masimum wing rate on the stabili Ly of the system v be detewmned

by use of the deseribing functior on the Wyquist of the open loop transier funcizon
ror the loop opened st the swing sexve { W5, ). This will imediately savw

'(
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that the type C system with the position feedback servo is more susceptible to
non linear oscillation than the type D system with the rate 52y . A oossible
means of improving the situation is to add another non linearity, such as a
frequency sensitive limi? on the input to the servo,

- The effect of wing loads is to reduce the uervo speed of vesponse and possibly

reduce the maximu: wing rate. Tais must me considered as an extreme tolerance
on the Bervo responsé.

. The non linear phase lags { rom weau speee, sticky value, ete., shovld be
- sstimated and considered in the ( ~;,/? ) Nyq-ist plot.

The control surface sexvo transfer furcmons are deviveo in oectiOﬂ 35,2
T is is the section on sero limitations that sffect the roll system. The

derivation is in this sedtion since the servo resionse is more criticcl for the
roll system.

| 2olo5  Instirument Limitations.
| The follming factors must be cergidered,

(1) Compatibilitory of specified dynamic response with the dynarmic range
regvirsd.

(2) Compatibility of the dynanic rangs required with the null, noise,
resolution, g sensitivity and linearity chavrgcteristica,

The desired dynamie response can be determined by the method suggested in
section 2.4.1 if the response is to be vsed to stebilize the body bending wede
coupling loop. If it is physically possible, this is desirable since the phase
leg from tae instrument need not be designed out of the system,

The efj'act of null unbalance, noise, and g gensitivity, can be computed

by assuming thet these are the only ipouts to tue system and romputing 'ahat the
output () will be with these inputs.

Ag an example the effect of additional imputs ab the rate gyro on steady
state condibion. -:ill be computed,

The cont»ol equation i&
i Mot v K assg ) 4o (B 45 ) Yoy g 1285 &)
\ vhers #’ een b2 the nulld value, or the asmount due Yo g sensiiil: rjty,. frumitfg Y g5 )

For s teady state conditons ; 4. —* O

Maé”‘e ” ﬁaf,) = - K i}:{,ﬁ,
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This gives the amount of error introduced by the rate gyro in the steady
state condition.

S.lie6 Tolerance. 4

The guins m st be chosen to be ahle to stand whatever tolerance cun ba
practically met, For the Tzrbar, the gains were chosen to pive adequate
performance with €05 variation in any combination, This was hased on the

S expected accuracy of the P't. meas ring and gain setbing deviee and the component
- tolersacen.

s

&io? Bffect Of Noise ,

~

The effect of volse from any possible source can he commitea by assuming

one source aib a time as the only inpul. The output considered gwuld be both
(M ) and 3 o

4 -4

L

Ae an exawple, if there 1s noise at the ace.lero.e ter and it ie desired to
find its effoct or. 1 o » the trensfer function between 7, and 4. rmust be
derived, 'lhp conlrol cquation with a noise injut at the atceleromater is

Ly e Gple) WL, ] e Ly Ky ap
where Gg (8) is the [ilter following the sceelerometer.

Since

i
} =i ‘e g ’ {
fe {51) G,,wl f'}“(:s) Lo |

w ! ;(%';) b(s) Gt Lc :
{ Gola) Contime $)

-’

":4. - g 0g K Mo ¥ Fp (i3 Ky Galod G ) (3} de
. +Ck, + ¥aaed Gz (48,) 6, (& ){,gg ) e
i 35 o G & K
A%Mu ‘«9'(4’)?"‘ Caln) 60,(4;)(11/? ~ (&, 1+ k3 ad G:f & Gl o) {g;}

o G(m,)

The m» -2 ¢ can b2 computed fyom
Y

N &"“ % ’ B ' e ‘
( %'qua"/') - ::”Q- j g_ (AJ ?
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vinexre I‘a is the spedtral density of the accelerometer noise in ge/zjad/sec.

I\Iormal iy it is sufficient to throw out all the terms in the denominftor
Nof Qggl, - except the ) and G (5) becomes BS
i el fé’..[,@_) = b?:“,; K, . ¢

This is justified for tuo reasons (1) the feedhack terms are attenuated
quite heavi'Ly and (2) the RMS calculation is more conservative without them.

Tha
Z.«.c, g

30 t{f‘“;&b \}P{IIW' D‘P G J'C

can now be simply computed.

301 Description ¢f {‘:.ys%em

! Appendix 11 cescribes the system that is to be analyzed. This system hos the
following degrees of frcedom: .

(1) y = trenslation in the yaw planse

(2) YW= potetion about the c.g, in the yaw Jlane.

(3) @ = rotation about the misgile cenierline.

() y = control surface deflection to produc. yaw force and moment.
(5) § = control s wface deflsction to produce relling mo ent.

| The angles and the stability derivatives requirs¢ are all defines ia Appendix I,

| 3.2 Form of Control. Eqration.

The type D control system will “e zgsumed {o- tins antopilot.

The roll systen control equstion can again have any number of forms, The form

that the Terter missile uses is the following

* > . e &)
3.2-1 . = (ke *‘/*’;rs 1482 &

- o ! 2 / NAVA - l‘-
cos2 S s K Beke 9N+ TS)
Figure 1C showa a blodk diagiwam of’ the =ystem, {5) is the free gyro response
G ¢ (8), the rate gyro respo~se and {p end §?’ the outb its of the two instrunen{s,

\\ When the squation is actually implementea it takes ithe form
\ 3.3 Siwolified Transfer Functions

The iapvut to the roll system can ve either a command to roll or an extrenesus
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B ) . . X

‘ ro1l toraue ( @ ). The output or the controlled variable is §. The simplified |
i' closed loop transfer functions with, these two inputs can be derived for-the system k
. by assuming that the roll~yaw coupling derivstives are all sero, the instroments

‘have perfect responges, and the servo is a perfect integrator.

- The closed loop transfer functicn with a ¢ lled for roll angle imput will be
s derived first.

Using the foram of the control equation 3. 2wl ?
S u Ke(I+TSY( e~ P)~ Ky Ky (14 TS) @
Wzere (¢ - @}is the froe gyro output. -

Cu I Kyt (KT 4 KoKads 5 K, KT =K1+ TS) P .

The roll moment equetion is
L ¢ f‘
(/j = F ¢v + G4

and

b G

D
, -, Sowe

< s(s~F)

Substitnting into the erntrol equation

v et w i ) ) . e )
[ 262 fvthoT ok, 1) sy k7s™ @ = KOs

and therefore

@ /+ 75
303“‘1 =7 = 3 -
y S F 2 .
' »bc. &k, +(‘T;T-—gz§):> -,(-.(7_;,.,{;’}5 ~ /

For a step ¢c the roll morent equation is

5 ..
D= 65+F @+ @,

or
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with the con‘r,;'cl equat.mn

},/ﬂ; + Ky T+A’-/C4)5 + Ko K TS ]¢ ¥ S& ‘=40
KA s |

P, SE-SPE 4 Ghg o+ é:‘(r‘:{:ﬁ* A ACEN N
and therefors

& =t
i{ ‘
303"2 o : - - G 4

e

Equations 3.3-% and 3.3-2 give thie basic characteristics of the s rster

The
~ roll syatem in bhe absence of rolleyvaw goupling is s +J.1m order systcnu The static
gain for a step ¢9° is icentically mity. Lmth & step g% the systen bvenaves hke an
imperfect differentiater. . :

There are again inves possible places to cpen ihe loop.
The open loop transfer fu chtion for the loop opened at the servo is

$o . (RatkeSs k. 3%)6

3,33 2 = :
Bm $5Ys~F)

3ol Amalysis of The Complete Syster.
The .equations of motion for the five degrzes of froedom are {from Appendin I1).
As + By, + ME = ‘u()wrz Ko + ¥ o o
Ca +Ey +V §

L3R 4

= k' (4 y: + By + M ek, ¥ +K ¥

- L] A "

: & +F & -x-/~//e #loy =

. §c= »m,; G5 r st B

| where /;
rearvanging ’ /‘943 o ) . .
(A-S)p + Bl = conse P o Co g aml =

Va 2 w
=

[
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: 4:4,5 oy #s-F)p - G §=
1, Lo : o A *’5"5 o i

! The term T, ¥Fy is omitted from these equations, Stice for Lhe Tartar 4
E . 1t ves found to-nave megligible effect, R :

these equations zre of tne form . ;;’
A’,,/ﬂ fAnt, +AsY s —ane § = ME | i
Ay p * A, Y +A,5 ¥

®
$

4
t
-~
N
X
Ny
)

=E : ‘ ,Q3lﬁ ﬁsa 37 +/75,5 ;ﬁ -

13}
£
-0
X
RS
&
ﬂ-\

L, e ok e

. Hp L y
/ ' . o = '[)54« (b s lg"{g

where

Q =(':)"S

)
Ripg * B

ﬁgs = ”"CGQ.. V’-a

13
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The expression on tne right hesd side LU eq1aticen 3be5 §5 tue opony teop Lransfep

: funetion for tne complete system wit: ine Luop orened At bae inat o tae rell = giew,
K Figure 11 snow a block Liagram of tee complete systen,
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Substituting the expressions for ,./7353 and expending the determinants

- s v " ¢ * 4 _ - *
A O 5 SJ—K'EK_»,-&MM # BRj e 11, )5 = F Ko aom %

=t
1

Dy
zz - faon o CR3 F a9y /f'".lf’)é' + e & o (&, s
¢ AN '

L =

Hs® o MEKs # I con %o = VBEKDS = (ME-NB)K, ‘aoneo + )

] By
b (p) s WRISTHIWR M Ky = N AK)s + GHC W) (i orviotdy)
& ‘ A,

- 3

& %'NJ v

By = 35 (A+BR, FFK) ST [0 eri o -Eky + 13 (AE-BEY]s
4 (’4“‘;"‘30) (/s‘a' ,CL'\’I X.g 7L'K’?.)

o - SE
Hp + L Ty SR (GRF)S* +alics +GRy
S ~Kg = KeS = K, 5%

24 (G, ~F)st +GRes + & kg
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If the enclrlt,ment oi' “l on the Wyquist plot is. 1o be examined ~ I, s .

piot‘bed since negatwa fe°dback 1s a0t mplied at the point mere the loop is -
- openad,

- 4
)

Of ‘the tno- tems on the it ‘1am side oi oG aation 3olirf the. first is referred

' to asthe @ 100p transfer iunction and the second the § loop transfer xunc'b:v.ono :
Examination of the Nyquidt plots for these two loops and the vector sum of the two
give an :mdicatloﬂ of the gain marcin exisfin for the system for veriations in B and
L torether, Ho mf‘omation rega.rding the phase nargin in the § loop alone or the

Ly S1o¢7p alone can b obtainedo In order to obtain these information the expressions

for %o, aud i'f;g mist be derivéd, This can be done in a menner similaf to how
e i S
the-expression for = vas derived,

SYN .

Figure 12 shows. the Nyqiist slots for the (ﬁ: loop; the b loop and the sum
of the two for the Tar%ar niasl.te:. _ The £lipht conqitions are A2 ; 30,000 ft.
altitude and ¢ o 20°, Tnis was found o be toe mest eritical set of concitions for
the Tartar missile. The roll system gains vere chosen Lo atte.uste tbe amplitude in
the region of b to 40 red/sec. For more exireme conditions (large o¢'s pigher Mach
“number), the following hap -enss The zero frequency amplitude of the § Loop
increases and spproaches «L. Tag mag itude of K; anu. Kz required to attenuate the
amplitude suf.‘ficzently in the li ~ L0 rad/see region becomes impracticals. The zero
frequenc,/ gain of the § loop devends only on the aeradyneric coefficients and so
if it appi‘oaéhes =Ly there is no sim.le fix.

3.5 Determination of Gaine
aFor a homing nissile roll syst.m ihe requiremenis on the speea of res,;onse ( é‘)

or( . ) oTe not critical since the puiuance infommation does not.xeqrirt ine roll’
attltude of the missile for a reicrence. Ihis smesns that the main criteria for the
system design is adequate stability. In desipgning 1le system for adaquate stability
the following factors must he considered,

(1) Body toraional mode coupling

(2) Control. surface servo limitations

(3) Ihstrument Iimitations

(k) YDoleranca

(5) Hoise .

Ir geperal it has been fouud that tne method for stabilizd g the sysiem is to
inereaee the geins. |

Tke monner in which these factors affect the maximom gains usable will ©
explained,

. :
»
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3:8+1 Body Torslonal Hode cou'nung

The same equations thab ver: used in the ben wJing mode coupling analy"io are
applicable heve except that the torsional mode shape is used and the input is a
generali.aed moment :mput an the ta::.lo -

The‘ rate 83’!'0 output can be computed from -
& f s _ %573 3 ) S (¥ ) ?@(_\?4?’\)
ST28 WD ¥

[

My

vhere J = genéralized moment of inertis )
9(4-)3 conputsd angular displaceneat ab the rate gy -5 stabion,
ék'fit)u}computed angulay displacement at ilie tail
'/Ji;' = torque inosut ab the tail-
('U,r = torsional natural frequency (first weode)

The same mi‘ormatmn can be obtain.d {from vibration iest uatao The test
datz gives the following :.n.f.'omtn.on to the STV«5 missileos

975 in los ot the tail produces a meximum of 15ho2 dd/sm* anguj.ay
acceleration at s11 stations from 80" forward: hen the frequency is 1L2.5 cpso

This .;ays ’ i
() " = (5522) 1y (o )
or N

o)\ o e (sER) Ea0) o pe fs)

¢ {o{eC
)

- e 213 o oot
My 3 b

)

The meximum open loop gaiu for the torsicnal mode coupling loop becomes

) S‘ \B é-: /f"’f ”
S o (B 2N )60

0 Y
I T L —flkwu. .y
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5incé }{6 51"'”’1*‘ 5 K and Gy (glp)m =

F Weg
and "W = (Ks + K, 5) s ‘/5) x K

fgf = 148/ )s s,d'/”iatinﬂ,;
for M/,IS') S-L.} M?'(:’.P; = Fo8 ,"{2:
- M *“ ot
s su (%)

/ &a = Gulper ) (o)l nip)sa) = 8 G, [é,f,w;}

Thie ~ays 'hha"c at this condition the avtenuvation requirvcd from b,,(awj }, or

a value of o3 for a'/i\ ) max is
K2}
3 v
(7F(Jw7)«- o= 3T
or . - w§.5 DB -

A rate gyro with a natuvel freguency of 85 cesend {=.5 hes been specified

fortne Tartar missile, This will pfow.de £ act@nuauon of «7.b DBo <he

additional 3. DB can ¥¢ obteined easily Ffrom-the filie: tuat 18 normally raquired

after the instrument demodulaters.

The tersionad mode coupling lovp therafora dees not present too greal a
protlem for the K. that haz been plcked.
3.9.2 C pwtrl Surface Serve Limitaiions

For the roll system i% has been found tnat borsional mede coupling Lo not

too greal a problem. It is possible bherefoce to have a nipher crossuver {zeqeency

for the loop opened at the aservo. [rom equation 3,33

So - (/\’« P AE S+ /f‘c» s°)

T
"

Sun S%g« £

5

<he cross over frequency can be roughly eslisated by
9 o :
5‘3 ?/ . {:"ﬁ'

A s

)
}
i

———A 50 g T

ook
P I A



- C

O NV A1
A DIVISION OF GENERAL PYNAMICS COFORATION
FOMONA

R
TH=331.0623
Page 47 of 9k

s -

ana L erossover —~

GK€

For the Tartar missile this was set to be =y 90 rvad/sec. At this
frequency the phase lags inbtroduced by the servo bgpcomes extrenely significant.
It has beer mentioned in the section on autosilol design that there is a
limitation on the maximum speed of response obtainable.

The type of control surface servo ussd will be amalyzed briefly.
‘shows a block diagram of the servo.
amplifier and the

Figure 12
The servo amplifier is not an operatioasl.
~input network must be included in the aneiysis of the systeno

Tha open loop and closed loop transfer functicas of the system will e
derived using the following notations end assumptionss

é\/s, KV glx)
1
FAZY TS

6;? (fs) B /

Sourse |I‘1;’-“Qr!ance gor\ :mpo'«"s

Foreward loop gain = # o=

Gy () =

-T' kY
14
=R \,)
FQEéaiiﬁk PD'{' ;mp&'o{ance =0

The open locp transfer fuaction with the loop opened at G, the imput o
the seiwo amplifier will bLe d rived firs®

i
¥ GE)

SCires Tys # Tyt 3r)
% 1
;q ($) T e
gn * Lg
- £ o)
lz{"” = " r‘;fz}'{: !ummw.u ot mﬂf:::'“mm
‘" ‘,/ ) \S I‘ec ‘*#'I -
R - A0, ‘
! L - o
Hes - YAV . S Cp &
'y .- "-': .
v 1, —-.l-
SR Stis, 2L v )}
- 4
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-4 The- c¢losed loop tran fer function is computed by susming the currents to o
‘ P the. grid (G). _ ] X
| @, e se ¢ 0. S5C, = €. 44 sle+c)] '
; 5 7 % SC 8,50, ® Cy | F ¥ (Gt !
\'v and. i
A A’
2 i eo T 6—7‘2 PR

(r¢2357,5+7,* s‘)ﬁ

gu.stituting for eg in the first equ ion

- E )T
- 87, 5 +7, - ¢
. %,Lezb + @ SL, = L1r2tly 3+ S )iﬁ;”m*l}} g
v . ﬁ;
; ) . Lo SR
@ + ey SK"C, = -@ ESC*ZR""" 3{;4237‘/5'}_7;/251)(}_\; + ........L;;_..%«)M )7
o = “gosf clk’\&i szST (¢,+8,) 417),i .,L}gi'ru (¢,sCHF
- Kook kK o T TR
i .-
+ 1 fs" y Tv (el 331
: XK R
05‘02°2 -
3 ’ @I i e:‘ \Sﬁc‘
....Q:'.’a a :&A #CLR ?dé' <y &
s 23S TP R g JETT R R Ty e e )R o3
Cx (_éf & R) f'lf"y‘f}, £) 8 (2200 )

With tne aebual system the inpubt g, o is made up of h( e g ) , }{' ‘{ sad )
) Kol & # #, ) viile the inpub € is made uj of ﬂ ¥ and figfls‘j L, B

An exeminstion of equation 3.5.2-1 mom thal the gein canvot be increased

. arbi. Lramly without increasing A » o . ; at the game time rosulting in no
improvement of the res.cnse. In effect tnd valve natursl fraquency sets an

upper Llimil on the apeed of resionse that can be ettained without compeasaticn.
Theoretically the responss san be improvad by se of a leac retwork.

A e i s e . it PP PO
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For the Tartar servo & lead network is -qot used_because of hardwars.
considerations, A passive lead network would attenuate the D.C. guin requiring
that the -gain of the emplifier be incr.ased. This was not practical.

The parameiers i'or the Tartar servo as they now exist are

K = #ooco .
C, T L#TTTT

ﬁ? = i3

C‘Z = ra‘g-'

With these parameters, ‘Lhe phese lage from the servo over and beyond the
ideal 90° are at 40 rad/sec b’

50 rad/sec 15° for nominel conuitions. These were experimcntally
: determined. With loads on the surfaces they are wxpeoted to increase by about 50,

The Wyquist .Jor the Simplii ed open loop tiensfer funciion ( S / a3 for
the Tartar roll system shows tiaat there is a phese nargin of sboubt == 65° I
the servo subtracts = 15 ° and the rate gyro response, == 10% , there rema:-.n&‘
= 40 ., The filter followi g the devxodulator vhicn is required to remove

the 800 cps ripple can subtract another 10% and the remaining pnase margin will
be 30 °

If, however, the other effects mentioned in the section Z.h4.3 contribute more

phase lags 1t would be necessary tc ase a complex lead«lag network following
the demodulator.

The affect of an unbalance in the servo amplifier cun be computed by assuming
an input exists at the ,rid )

} =P
o ]’< (=S ¥aY o .
'30 oo -~ - c\( s eb
- %«.\' - “'?’I‘"J @

where 2 b is toe squivalent inout st vhe grid of the servo amplifier.

then

Y « ’l,. ;’Ey_““ \ e k »,
qsc l e S (:’z -3 ) o e ..-S ) \Q

| —— s A e

S sy WA bl v
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and for the Tartar Servo

S 2 !l s = .‘?‘..2__.“
~- P C*a. VS cOO 65

The fesdback - ain thepefore determines the effect of thé umbalance. The
effect of this equivalent J a4 can be then computed for the ovez’all system
by substituting it inte the control equation,  —- —-

-

343 Instrument Limitat:i.ona,"l‘olaranée, and Noise

The effect of these factors -can be hancﬂed in a manner similar to that for
the autopilot. )

ho GUIDAYCE SYSTiM:

The guidance system will be vefined &s the system 1’1‘bh the following input and
output. -

Input = geometyrical line of sipht vate

Out it = missile acceleration }

With this-definition the receiver, the zeeker dynamics, the autopilot énd the
guidance corputer is included. The receiver will be considered only as an imperfect
error senging device and a source of noise. [Figure 13 shows a simplified block diagram
of the complete system. The anglées and terms used have already veen defined in figure

7 and sectiorn 2.4.2. The seeker control system and the guidance camputer will be
discussed briefly,

L.l Sseker Control Sysienm

The seeker control system has two £. “oms (1) to treclf the target i.e. to Baep
the dish nutation axis on the iarget; anu .., to meintain the uish nutation axis in
spaceiror rotating when their is po signal from the receiver. 7The control systen
shown in the bloghk diagram is thal for a DPH-2L typge system,

Ths operation of the s;stem will be ey olamrd qualitatively fog the Following
cases: (1) when zhe line of sightl is roteding &b a constant rate and {2) when the
missile is pitching at & constant rate. Figuare 13 rust be referred %o in ordsr to
folloy the explauationo

Gsee (1) when the hne of swrM is rotating at a r‘onstant rate ( & ), the
nead must rotete ot the seme vate to contine Trecking. Teis wmeans tnat thers will bs

Do} GINIL % A ettt ety

[§ oIl
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v

a f equal to 7 and since (I/ is assumed zero & m,ll 8280 equal o . If
A is to be corstant howevar-the input to the actuater in the servo mist be constant.
Tois means that tue input to the, servo amplifier which is an .mtegmtor must be zero,

In order for this to be true ¥¢ must equal & wh:Lch in tuxn equels o o In other
words there will be a tracking error of  &=2% . :

Case (2) whe» the missiis rotates in »itch et a constant rage i ;J 1 3 will
rotate at the same rate but k2 the opposite direction to drive #> (vhich is equal,
te ,G’ - ) to zero. In the ahsaence of vadome error slopz this can be accf"nplisaed
resulting in no tracking erroe being required. The system 1ill therefore maintain

both &4/  and & abt zero even ‘thoupgh thexs is a pitch rotation.

4.2 Guidance Comuter

lio2.1 -Cuidance Signal . , -
The innt to the guldance t‘omoutez; should be N O has _beén found

in the previous sectid that either £ or & is a measure of <7 in the

steady stabs conc}:atmouso Dyna. ically, however, thls is not true., The transfer

functicn for &% will be derived {irsth,

# N .
£ e & wrle = Y

(/3;;‘0:»4”5 ar (F '}*Q/)

v s X oy ] v p S ¢
R R ol LR SRl

. ” .
:P l, o ).; z '4’
o ’ ’ 3 Q: . e c-&a ot f‘f:
@”'(;'?:MM) ( / f’ ’a) - ‘_53., e :w."fcy .._46}(}. - .};‘.. ’\ é 7 f
et ) L A A B 3 7 c;: jj: vr-i,{ &
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e
=

This' shoty, that; i 6 vere used foi* puidance o would be measured wlong
with o 3 g;) .and z,u There will also be a tinc lag.

- 3 f
The expréssion for <&~ will be derived next

b | ’
2
&£ = oo~ O
P4 , - 4 )
= (o) # Lo )
& » B - 3,"‘}"

@Z.:....”,f o YA Y H e ) - &

# .. i
B+l = Lowir el ro Iy
4/ L. o .’w.;;v -y 4 B
¢ Zn--ﬁ" <“". -

‘{ 4*( S ‘-;;, o/
This again contains the time lag and a yitea rate

If,
resuits:

coupling term.

however,, the combination of the sigmals é’ -:‘-@- is wsed the following

Differentiating equati on h.2~1

X .
. £ i o
s & (rrt) b 2 ) & (il r wirefrds ) wrb - by
.j“&' 3‘%', ‘1" ""'O;z
| ¥ R é:o
ARSI SR BRI d L AL i e
g mam i 143 o S
o2e3 . Gmp & = G (rt)
This same result wes obtained in section 2.4.2 by considering only the
definition of the angles., Houaver to get the effect of reduced ﬂi—" or 5 the

above squations must be used.
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The @+ € "sig"nal contains no time lags. The Inuvitable radome coupling
term still exists hcrv:evero

The 5"/ ¢& coupling term is no longer presef;'oo In %he past vhen &’ was
used for gnidance the £ /44 term vas destebilizing., VFor the DPN-2) system K

vas == 70 . Analysis showed that if K decreasad to == 50 there uill
be stability problemso

¥ith the & *5 signal used Tor ghidance howsver there is no resitriction
on the valve of K Juring guidane ghases of the flight. The ‘maximum value for
K can therefore badstermined by the requirements on the head response during
the rxongnlded phased of )‘.ligm‘:.

There is.also an advantage in using f:-heé??‘t' gmdamc signal from
system bias consideration. With this s:1gnal only the hias i‘rom the rate gyid
appears as & guidance 51gna1. A1’ the gther biases such as &7 bi as, and head

servo hlases resilt in 4 .constani traclung error and since & * is differentiated
- the constant tracking erraoxr does not appear in the guidance signal.

. Lho2.2 [ffect of Radome on Guicdance,

“

TN
~ Uw.ng ] 7‘&“' ‘a8 thc g-idance signal the closed loop transfer function
for d» ¢ér: be derived assummg a constant ~%+. (The open leoop transfer function
has a Iready heen derived in section 2 lz 2)e
.—/\m \//2 -2 / pav e
N, 2 e ) & &
.&_..\‘.‘(@..... . , — y :f
= . N dud } owa
/‘?)g;/,‘s“ \-Aj (S) l[: L } F 9!/
Since h/"y‘ . 1s of the form
V}/ / (‘e.cwoﬁl :J.rei’.)
n ‘.. -~ e ~ e e
¢ {‘, + /'9 5) (o’ + 2 :)[ TQ«' 5 ta /a:a‘ > r) -
ang 12 S ) (S 2,4)
w LI 2 v s roer A é
V”;ﬂ \/p) M‘(/ ?’-" Iﬁ, -S/ A
, &

o o \/ ws“
mlre7; S rrag Tor TS *)e “/ P (g (5 )[ el J (- }f‘/w ,)h f
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N % & 4 A
Vig - ™

a9t (I+Ts)r1e257 5 TE8%) N MeT s
L Vs
» mv-auuw faid /
oo {rwl)a

or
v

2 TE (ren ~
/.,;/\/r-ﬁ.(,z'i’;_.‘;» '9*2}' A r}

2
~ [ 1%, fo #2592 2Tz #13 )+ Ta 28
#1757, "‘+~:>.§7;c’v‘;;“s«~m% VA ER AT
A A S Y I

¥

L 2. 5
T, ‘?’qﬂ; S

The steady state gain of the system has veen medified from o Z{"

Comrcra AT X

v & 4
to n’!] ’#5 ()‘7&1) . i tf"/u’
UTTRTIYYS )

The firet order term has besn changed ' rom 2T *® 7; L3 57;. i
o AThe Ty 2§ T NV 7
/- A7 >

R vt M

The so«called rademe induced tim: lag, P 7:,

2 Can zitein velues nE ag
much as 2 to L seconds at nish cltitude conditions,

P hys.l.cal.l‘y’ u} (-4 W‘uﬂ'n
# Ag-8c.
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can be seen from the equations for {he airframe to equal ﬂ”f' This

means that. the larger the amount of o required to produce a un'-‘t Y s
the more the guidance gystem is affected by radome error sloges. Yor a given
eirframe this occurs as the altitude is§ increased.

The actual effect of J* -depends on its sign. If it is negative it
might causs system instability, if it is positive, the. system is slowed up and
also causes system instability if the eutopilot is pab designed preperly.

Tiie possible means of coping with / are the follewing:
(1) Discredit large 7r 3 by statisties.

(2) Artificially bias off the negative % by feeding into the autopilot
a term porportional to ri, ¥  (exolained in section £+ho2). Thid
results in a situation where cnly positive &4 need to be dealt
vithe )

(3) Design a comoehsating network to stab:lize the system for negative
i~'s o A lag-lead network has been found to be fessible when the
flight condition is fixéd.

(4) A comwination of (2) and (3).
The advantages and disauvantages of {2) and (3) are:

The afvantage of (2) is that it is simole and the resulting system can be
extremely stahle, The disadvantage is that the systuin is delibpratel,f
8lowed dowm.

The advantage of (3) is that the system can oocrate with both positive and
negative r’s and has r = 0 as the nominzl condition. The disadvantage
is that the parameters cf the lag~lesd network will probably have to be
varied with flight conditicas.

‘fhe Tartar guidance computer was designed according %o (2). The avtopilot
was designed to accomodate a (¥~ = ¥, ax, 1 @ J0A. This autonilot along with
the guidancs filter of  ___lew-mg 37 "'5"; p Rouzver r/eswddd In & siluatiow
where Lhe :»ystem m:.gh’c possibly - olemtp negative ~'s , This means that

+ 457 is suffie iently greaterthan NrTy o Orin the Bode
plot or f‘, gure 9, if' the phase is cnunped by 180° the s ;sbem is still stable for

certain valres of ™ o It mirht be posgible therfore Lo use something less thau
Foan ¥ fecdback, :

ho2:3 Guidgnee Filter

The gvidatice filter bas been shoun to be

- ! ”
63 (s) = /tv 25s)( 1" 2_;5"3,)
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order to show the need for g sacond’ order filter, the total transfer

G, (S) must be at least secor..

expermcnta.’lyo
estimates of

funct on between < noise and = k. will be derived,
- )
Gt [+ 4 _f’_s_m
} v SKgLa
- i -  Stask
[+ A SER Tk i :
, § =4 X
‘ Rl
x SCF HoR)
-
w3,
_ s
therefore ’ .
» e — ) 3
C‘f'::/ - S {Té? CgK /}
3 B g -
o ‘f}.«};“’/‘, * /f;/ P f
e 5 ‘
end for &~
v / z
oo w - - w:wn“""’f""'“"/“”
naaarn fdr s Py S“ 9‘ _3 %
éuoza‘ﬁ, /t/’-"( . '/!;’
J“- c'.“.(’ /l:’ I > ;«- 7 ‘ E
> P b ] v 1“. s 1‘)’ 4 I’( "N’Ui& — - s :f.
“@““‘-‘ - Gﬁ’ () Ty = fag (=) S s
a"Z;l(' r/’ & "“"I’
In order for {ya. %o remain finite woen €noise is white ncise,

order., The .75 sscond values uhere detsymined
,"‘hase values 22n be subject Lo change with changes in the
<. noise exgectdq.
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bo2.h Effect of Head Rate Gyro- Limitations.

The head rate gyro aull value appeary directly as a guidance signel bias.
The -equivalent W, due to this bias can e comouted simply

v./’!v\ U vA >
n " : va& '@“
¢ dgys 8

The g sensitivery of the nea. rate gyro has the effect of :i.n;’c;roducing
another feedback loop.

The guidence signal for v = 0 is now
- N [ - » LI 2 .
B & = & rérgn e Frrh
whers K is the g sensitivity of the head rate py. in *sec/g.

since A
- V& , » Ll » fi‘ .
he Tive (Fomkm)

e §
(beT)(I+2§ Ta s+ 70 55 )CH+Tg 5)

ALV
. Bk o=
T e T
B ,fw«;«é.‘;«s.ﬂ ¢+ AT +4 ] ot n )5

-

This shous t;at the guidance gain and all the. coefficieats of the guidance
transfer functions ave modified by ) AV
J o LR YR IS

Et v

AV “Tiys
if I;..i?;‘}«zg- 2 b aed X » .03 ¢/sec/g this represents = 109
§

variation on the gains snd coefficients,
4.2,5 Effect of Head Servo Amlifier Bias.

If a bias exists at the input to the servo amplifier there is ne sffect
on the guidance. However during the head positioning phase there is a H (8)
feedback from p to servo amplifier in.at and whe effect of this bias is
A= B [ -Hpd

vhere 4, is the unbalance at the grid,
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‘This shows thet the stoady state exror due to ,éb is dependen’ on
the zero frequency gain of H (S). :
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APPENDIX 1
DERIVATIOW OF TRANSFER
FUNCTICH FOR ELASTYC BOLY

The equation for an elastic vear i5

2 d EANT G d Yoyt = « f)iﬂ {14
!"}{d' 042 - J’i'g‘;" Vb

Asgums the wolutior is the product of & Lfumclion of yaud

i) = ¢ o Fry

Subatituting into ejuation (1)

<

/C “{ ") 7 1x) of 0(,{' S T :‘ Lo,
A R = J: (8 G- @
dX oy ' ?".’. nd

AT NP

diviting throvh vy F (8] 5, 1 3,

- vL,E(%)lM}:/ FO o . _,v_{_:._ o
il ik @i . ;-“m SgE?

Siace @ (x) Goss neb vary with $ and A (2)dues nob wary wba X bolh
.ude.s of the squation wush bo egual to & vonstant

? -
- LAl Fy

ey

SONTE :

[
.

g
~

&
SRR SO N (N s W S a
» e C ey Fx Pl A%
MG o K o A

s

Appendix I .eference: Convair,8an Diecgn, memc 20=7-048 K. Xachigan - ¥ The
General Theory and Analysis of & Flax:bl: Booled Missile With Autopilot Contrai.
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The following 4wo &quations resulis

/7

(3) ,,.‘i‘;,f WA
at -
A Eonrond G
(i) ;{;2 {(x) + m;ﬁ f{' —~ ),;.;{,") w’;&’ s D

The zolutiva b equation 3 xe of the forn

F= Hemwt ~Fainwt

wheys ¥ can Zake eny valus,
The solutions %o equation U however i3 limited to a seb of discrels vaiues of We

L‘U - Y L4l

i) Wy .-

¢

3
Wy eorresponds W Vhe fvequuncy of the Livat mode, M, to the selomd, ete.

v d ;’ L3 L) - "’\' ol 2.4,
The functions éﬁb( ) corvespondiag o the )y iwde dsseribes ths ehape of
the  jy . modeo

The general solution for £/ esm be writietn &8 the sum of the individual
golutiony,

A v By e —}:'1 s o .
o) = Pl genos g‘/ﬂ_aﬁg &y @500
"’n

Tae Dunetions  # (v ave arthogound tn the interwal {0, L) with respset to
the function (55

L

)

'I b L% & a;,?fm; 'rf.s', w0 it o 7
r’{ '1"' ’ "vy‘
< v

Witk v gebltrary fmout W (X B ) equakior (L) becomas:
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(5} ¢ = £} Z & V&
onrwe o ~ 4 ig‘; u {J‘ aé; -~ Vﬁ é 0y 0 U(’.‘ '.h‘
2 : ? - g A e ‘) *
oA ou*r } e IR w,;,«‘){,}

‘The gemarel solution of thz veduced equation has bsen found to ba

)
{2 % o “
“hte 2 Rwdea

3

4o

”~

Since  Jela)  is computed with the displacement norsmalized at sums s
station (s} ¢he computed node shape @; txyle related W o ) by

ot Bp A MLV

?3,,- {c..}

h t
. td
A4 (8,8) = v /:‘_- 2] ?5,; {a) }’éc- ¢a}
(o 9{9' (o
":f»
= 'Z &8 @ty
tso

Substitating inte eqation (5)

(6 NTO e a0 N, . o 3
L6/ < { %, (3 _.‘3..,..;.‘5' Y 4l 'g')“;, IR 1 IS -~ 2 ¢ 5) ,»30‘\.5’,:) Q":" ‘Z*ﬁé)}'@'"f-( o
150 ’ i Py Jer vy A

to syparate tha variables for cach it 1s desiiable te xesolve (viy,¢)into the
varioue modes

] b
Wiaed = 5 A 7

Y
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el giplying Ly - ?9} WV and Gegrating frox O %o L

4 Lo

only term with 7} =t wiil remuin

A

I8
£ ¥/ 4+ i ‘R X I
ﬂ{ 46’*? oy Lo '“‘)") ax - “'L7: !’ 7 ) ; ’ :
o 1]
A -

{'ﬁ i"

3 ,j }7:) Y Lodx, 8 of
i3 . ; f .
f e e o ca———rr——————————
i Ty r N

r g oy .,
ay 1l ¢ {&2 ,.)!}j 5

The numerator ig called the generaiised Loz andl the decopdouter the
generaliged wags

Eouation {6} bsoomos

yo
(7. ’

f - . o e
P H / . - . .
J Fex) W L) dy b*l ¢ Z Be Tmeny @, ) dy

s ’ 3 el ¥, }}, i f 2
f:-ur f/ ? é":}l 'lbdo.’;n-. .(l:: L 3 L {I‘.‘) _S?m& ‘;a‘-l £I(: bl ?;,i{ﬂ') ‘;Ew. ‘,:;!:j f:f” i"/‘] ¥
e ’ o :('2 cAX ) chs
There sya 2 squstions of the Toru
;2
4 > e ey RV f
(8§ ..4-~-wa o .ﬁ.....- ﬁé‘ c.f“p ? 1. !.w_(f,’_,, ;3{ (',‘F‘J - H ot % Je ;}i"
Wy s ’ ot S b ,\ " > . ..:. - oy AP
P 4 gty K - Py en G,
&
or suwe both sides of tha aquetior cor w3 sov zgual o a econatant, .. (.. ?
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3+ .
21, . L
(9) -~~--3¢j—1. ) +‘ w.ﬁ— q "Z_i_} - }}1 .
oA &t ¢ Fited - g

In gonsral thowre wiil be a damping term prosens

)i J’z?
(20 * £ 4 Lo T oo
\ Tei P fw sl pwle = F

did
or in opsrational form

7, = /7.
I3 Rded 2—
v SE a2 fss Uk

and

for the cage wners only the soliuntion is expended enly te M+ 1,

U xe) = % (&) 7O

The cisplacerent and station . 4ia

U (2,83 = gty @ (a)

The sngular displacament of station {ai is

18T = g i"fiﬁ?
gra
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If a load [ 33 assumed %o exist only at siation pb #3; betones

He = @&ini

e e N L LT s

R
I? only the f£izst mods i3 t be considerad

H = ¢ {h) ] L8

R ANKTISE " DILIS A%, 25 B K S

I47] ‘

The accaloromaier outpub at station {2} bevomes

dcz . .y
Ve, Uilet) o g @ (a)
et v

ar in oporational form

ST Peh) @la)

P A e e

(s*427ws +w’]m

acealavonetsr output »

The rate gyyo oubpud ab stesiorn (a) bevcmss

-~ - | ad .
& $ LR } cang ol Wil
e ‘:‘;'fi_("(f}’ = ;i:,(?ii oz Lt
at | I d v Led Jyza
in operational Corm
- ot o)
rate gyro output © S #0s { Shin %
Y ’,f XN " = <9
/.2 - v

Ths vnite vsed are gensrally the following

L » lbg fores
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ﬁ(}() inches
X inches
£, £rod anm . a2
;‘,77 = Ay ;‘;45‘:.-.:_, A ™ 7
» < o~ = /; e R PN
A - 7 an &'l ‘Ié e

The accelerometer output 4in g's thareforz becomes

n(ga)= S Vead) | (os) P08 () Flaiea)
(5752 gt s v wilf fu) 32 3} Ay LTI

The rate gyro output bscomes

: ’ Yad) | () Py s | AT o S
sp(d‘%‘/mﬁ § (%) (29 POy | Ty ),:m‘-/w}“’"{x%é)

W e A s g

;"S"'-} 2 Sws ,-w’)(.'jwa\, 741(,&/4,. ,a.'.cz)

L. for tall ceflection loading only becomss

- ;o . el ~
L= tugi s M C’Vgé
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Descrdption of th3 Coordinate System to be Used
Hereafter in the Taxtar Induced Roll, Phenamena
Investipation,

Dated 26 March 1956

By _ K, Hiroshige
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Subjestis Dogcription of the Joordinate System to bo Used Heroafter in ths Tertar
Induced Roll Phentmena Investigation

INTRODUCTLION

£3) dynamios study of ths Tartar induced roll phencmens #ill hereafter uss tha
coordinata system described in this memo. This system differa from thabt used
heretofore in the Tartar studies, from that used by APL in the STV-5 studies, or
that usod by Convair personnel in the STV=$ studies, It is bolieved, howsver, that
this is ths gystan thabt has boon agread to be everyone concerned as ths ons to usa.

Only those features of the system that are pertinsnt ‘o the dynemice studies
to b2 performed will be preseated. Those studies will be restricted to analyzing
seal? perturbations in yaw and roll with fixed pitch conditions, The equations of
motien will ba written in a body fixed coordinate systess The orientation of this
coordinate systea in the body vill depend on the indtial roll attitude for eny
partioular phasa of the study. The aevodynemic forces must therefore bs resolved
to that body fixsd coordinate system widech w131 s used for eny initial roll g4ti-
tuds. The major portion of tils memo will be involved uwith the stebility derivatives
! requircd for these sercdynamic forces, The relationship bstween these stability
dorivatives and those for the forces rosclved along the wind tunnel axdis ie showm.
The equaticas to bs used in tins study eare also developeds

DESCRIPTION OF COORDIRATE SYSTEM

Figure 31 shous the orientatlon of the coordinate systom in the misslle body.
The origin is at the miselle 3.g. The senes of popitive rovations are alec showsio
These conform to a right handsd systcmo Also shown are the orlentation of %he &
axis with respast to the wings for ths cases o # = 0 and 4 = <45%

Figure 2 shows a poaltlva rotation sbout ths ¥ axis from XY2 to XY 2. If the
missile veloocity vector is along the X axds as choum, ths poeitive rotvaticr produces
a positlve argis of attask eco IS should ba noted that vhls positive o< produces s
negative force along the Z axls (Fz). A#iso with this sign conveation, the positive
ez will produce & negative pitching warent (My) for a staticly stuble configuratiem.

Figure 3 shost a negative votatlon aboub the % axis from X52 to ¥'¥% It whe
missile velecdity veutor is along the X sxic as shoum, the megative rolatien preduces
@ positive side slip angle ((;?30 This poaitival,& produces a negative Lorey aleng
the Y =xds (Fyjo Positive A il also picdece & positivo yowing manent (Mz) for a
statiely stable canfiguration.

The sign convenilon for sc¢ cad ,r? pe3d aze consistendt witiu Lhe usuel dolididone
for those quanidtioes

b - WPAP
(-L) 85)3 G-z haid ~{l;".—.a

i (2} oin & 3»%‘.3;

/ 7
Prepared by /%%%MJV

Bcing Dynemies Group

PR ——— — s T ik
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Figuro b shous & positive rotation (A @) sbout ths X axis fram X¥Z to X T2
for amissile pitched at an indtial angle of attack of o€, and zero sids slip angle.

(This would correopend to the ceaditions undor which ths wind tunnel tests aro run)
Aftoy the rotation, «x is changed and thoye is also o resulting A o

The magnitudes of oc and A7 are obiained fyam the equaticas () and (2) defining
s¢emd & o ‘The camponent of ¥ along the ¥’ oxis (¢”); and along ths 2° axds (ws)
must therefore be camputed.

The transfomstion matrix for s rotation sbout the X axis is;
X 3 0

0 cosff sind
0 wsi.nﬁl cos B

The componemts of ¥ before the rotabion were as followss
U =V gos e,
Are
2=V glacly
After the rotation the compoents ars as {ollows:
4" =V gos ae g
42V sin o< g sin f

s

i’ =V 3in o2 g cos B

Using tho detiniticns for X e (3 (equations 2. end 2)

(3) sipexc= &g”h 8in ot g oo B

4
(k) sin B .2%: & gin g oin

In the dynsmics studies, t1e ;3 will Le sosumed saald and § wili vary a amall
emown® A9 Zrem the indtial ord:mtation of thy 74 nxis.

The equations (3) wnd (L) seccmo

(5) of =of,

(6) fusinocy af
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It should be noted that o and /5 are in the planes of 2°5 ¥ and I’,’i’,

respectively.

Figure 5 thous the sign conventicns Lor positive defleations of thie tail
surfaces. In the @ = 0 roll attitude positive & produces negative Fz aud negative

produces a positive FYy and a8 negative Mzo

Hyo

Positive &

In the B = =I5 roll attitudo tho ccmbination of ¢4/ snd <4 produces a positive
Fy ard a negative Mz,

Figure 6 shous the differontial tail dofloctions (§ ) whish w1l producs a
positive rolling mament (Mg)e This i3 defined as positive § o

SUMMARY OF CGORDINATE SYSTEM DESCRIPTION

The informetion presented tims far can be swmarlized in the Lollowing tablz,

.’ -
; WY f= b
*ed Produced by ¢ rotavion about T axis ———scand,
Produces =Fz sty
Froduces <y for studle configuraticn >
! 7 Produced by = rotation ebeut Z axis 5
‘. Produces =Fy — 5
j Preduces ¢ M7, for stable configuwatiod| wee—eed
@Al Produced by ¢ rotation about X axis. | Produced by ¢ rotatlom ehout
Y 4 oxls imitdelly An the pliny of X axis, 4 axis initialdy
wideflectad 1° wings at ~445° from that for the
@ = 0 caswo
With en indtiedut o, ¢ & P wil} 5
produca A ae sin of o 4§
od will rempip ey -t
w4, { Produced vy deflsating treiling ecge | Prodused by defleciing
(deflecticng | dowd trailing edge dowm and sght
delinad Producss <Fg Praduces <Fg
loolclng Praduces ~MNy Producas <My
- Lorvond) ProBuses me I'Y Broduces =¥y
Praduces no 3y Produces <2z .
oAF Produced i)y deflzcetiag treilipg odge Produced by deﬁ.ect&ng
(defiections | laft trailing odge down and lefV
dafined Produces uo iy Preduces =Fg
Jooldng Prodises oo liy Produces <My
foruard) Produces <Fy Produces oFy
Produceg Mz R Producas -3, e
3 Produced by Heicractial deflect.cn v
j tnat will produce a positive rolllng ¥
A ncnend
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STABILITY DERIVATIVES

The '%obility derivatives requivad for this study are thoss for the yaw foreo,
yau ne~ , end pull moment, Thess forces and muments must be referred to that
bod~ d ceordinate system which is used for any perticulsr initial roll attituds

( coasidered.

. Figure ) shows the body fixed coordinate system to be used for the cass of
8o = 0 and §p = =}45°,

The following table 1ists the stability derivatdves and ths aigns expscted.
The piteh derivetives ars included though thsy are not neoded for the studies |
proposedo The signs for the dsrivavives can bs deduced froa the informatiom
pregented in the coordinate system description, The roll yaw coupling derivatives
with respect to tail surfeces werc assumed to be primarily from the blanking of tho
vpper surfeces when the missils iz at a positdve ol go

Table of Signs Erpecied for Stability Derivatives

(Assuning ot o 18 positive)

! Stability Dorivative =0 g =45
Pitch Citye - "
Coef{’ cierts Coge = for stable | < Zor stable
Ct& 5 =3
O’ Y ©
Coz = -
Czs! 0 -
Yens Cyo k o -
Cosfficients Cape o for stable | ¢ for stable
e u =
cIs: 1 &
i, 0 ¢
Cag, = = |
e St —
Roll 01, < & ‘
Cenf ficicentss ~ ~
14202, ) -
L - — - .
Rcll Yaw 01&’ = for stabla | = for siable
Coupling o o
Coaf{lcienta Gy,
Gy > -
C ’Y,_ Py (]
| Cﬁ; 4 < :

N o I L TS -
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FUATIONS OF MOTION
The required aquations of wotdon for this study ares
(1) Py=n (v = pr © 2u)
(8) ¥p=21; ¢ (Iy = Ix) pa
(9) ig=pIx |
Meking the following substitutions
p=p
re¥

q= 59 (constan® pitch wats aseociated with constant angle of attack)
v =7 cos 45/5"
sizcs ein @ = v/V  (equation 1) |

w=Vsinat, {equation 2)
. =V cos ol
Equations (7 - 9) beceme
(30) Pg=a (v coa,z‘,é - ,;3 Vaimer, © ¥V cos ef,)
(1) Mye1p e (ig=1x) f 6
(12) Mg =1 |
whoro Fy 16 ia 1bos My and Mg in fta 16558 o B, P, @ are in rad/sces
’y}' » in rad/sect
The equsticrs for tho aercdynumic forces and moments are:
(13) Fy = 2L8LAH S 12 (cmﬁ * Ppy 47 v Oy £)
() B, = 1481 Asd M2 (Cg‘ﬁ Ao Cpy 1Y © Cpgg $)
, (1) By = WBLA sa B (Cyp § o Cabyy fy ¢ OLy 2 0 Oygy 31) |

2v 2V
. The iy coefficienis are defined in ths folloudng tableo
]

f - D _9 ot 4:!.5,
i)Y ﬁ!” 1‘? i ia‘
Cryy Oyt Cyy - Cyp
Citt Cnte” Cpyr = Om, -
Gy C1g/ Oy - O,
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g OIt should be noted G( )/ for the § = =45 case equals 707 C( )3/ for ths
= U casao

Redofining tho serodynmmic coefficients in the following memmnow
A=1U81A s K2 '
e g%é Crg

anmelksnggamg

G=1b81)adﬂa%aécu‘{,

zan‘az.Aaanz.iiZg;cm
Z

F =280 A sd ¥ 5.3 D

oL Ae 'Iﬂx“grv"?%

G = 161 A od u2 SLo3 G
Ix §

= 8L

1213481?&.&“42%12311!

Ne UL A s ¥ ﬁ'%.z:? C'zs.

1]

N = U817, od ¥? el Oy

Equations (10 = 12) bacane
(16) %@Fyn(nﬁaﬁgwug)mcoaﬁﬂeésmxo éy;cosxo
an Al ecpe éﬂsw};e Mﬁﬁ
1z AR Iz 57.3
(18) anoswﬁma/y@mmﬁ
Ix

For these equations all argles arse in degress.
Ths contrel equations aro

iyo ™ Ky (N = Ho} o g o K33

So @~ (B ¢ Kg S o K 5%) #

uiere

N (g'n) @ g (A8 0 Byy o HE)
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